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Note on Seminvariants of Systems of Partial Differential 

Equations, 

By A. L. Nelson. 



1. Introduction. 

In the discussion of the projective differential geometry of a geometric 
configuration by means of Wilczynski's method, one of the necessary steps is 
the construction of a fundamental set of seminvariants, that is, such a set that 
any seminvariant whatever may be expressed in terms of them and their 
derivatives. In the cases where the completely integrable system of partial 
differential equations employed has one dependent variable, this construction 
has been accomplished by the reduction of the system of equations to its 
canonical form, the independent coefficients of which form are the fundamental 
set required. Let us illustrate the process by the case of plane nets.* The 
completely integrable system of equations for this case is the following: 

yuu=ayu+'by^+cy, y„^=a'y„+b'y„+c'y, y^,=a'%+b"y,+c"y. (1) 

The transformation „_ ,o\ 

y=Xy (2) 

yields a new system of equations of the same form as (1), with the coefficients 



a'=a'- ^, b'=b'- ^, c'=c'+a'^ + b'^-^, [ (3) 



"-^x- 


b =6, 


^-^+«1"+^'; \' 


-t. 


b' =b' ^^ , 


c'=c'+a'^ + b'^-^, 


a", 


h"=b"-2^, 


c"=c"+a"^» +6"^" \\ 



The integrability conditions enable us to find a function p{u, v), such that 
p„=a+b', p„=a'-\-b". "We find also that under the transformation (2) 
these combinations become 

* Cf . E. J. Wilczynski, " One-Parameter Families and Nets of Plane Curves," Trans. Amer. Math. 
8oo., Vol. XII (1911), pp. 473-510. 
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If, therefore, ^ be so chosen that 






t^=4p«, ^=iP., 



we get the special unique form of (1), which shall be indicated by capital letter 
coefficients, characterized by the relations A-{-B'=0, A'-\-B"=0. This is the 
canonical form of (1). We list its coefficients for later comparison. 



A =i( a— 2b'), B =b, C =c +fa^ +iah' + ia'b -hibb" 

-io„ -ib:-w\ 

A' =i{2a'— b"), B' =i(2&' —a), C =c' +Ua'+Wb'+Wb" 
A"=a", B"=i{ b"—2a'), C"=c"-\-W^+ia'b"+ia"b'+iaa" 



(4) 



Only seven of these coefficients are independent. They are the fundamental 
seminvariants. For, consider any system of equations of the form (1) , to which 
we shall refer as (s), and any other system (t), obtained from it by any trans- 
formation of the type (2). Let (s) be reduced to its canonical form {8), and 
(t)to its canonical form (T) . The coefficients of (5^) are the same combinations 
of the coefficients of (s) as the corresponding coefficients of (T) are of those of 
(t). But, since the canonical form is unique, the corresponding coefficients of 
{S) and (T) are identical. Hence they are seminvariants. Moreover, any 
seminvariant whatever, I, is a function of the original coefficients of (s), 

i. e., 1=1 {a, b, . . . ., c", a„, a^, ). Since it is a seminvariant, it must be 

identical with the same funetion of the corresponding coefficients of any system 
of equations obtained from (s) by a transformation (2). In particular, 
1=1 {A, B, . . . ., C", A^, A^, ....). Therefore 7 is a function of the seven 
independent coefficients of the canonical form and of their derivatives. Hence 
these coefficients are a fundamental set of seminvariants. 

The determination of this canonical form depends upon the ability to find 
such a function p. Green * has shown that this can be done for completely 
integrable systems with one dependent variable and n independent variables, 
provided certain conditions are fulfilled. However, the expressions for p„ and 
p^ , which, with their derivatives, must occur in the coefficients of the canonical 

♦G. M. Green, "The Linear Dependence of Functions of Several Variables, and Completely 
Integrable Systems of Homogeneous Linear Partial Differential Equations," Trows. Amer. Math. 800., 
Vol. XVII (1916), pp. 483-516. 
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form, are not always simple, and as a result the seminvariants which come from 
this regulation method are sometimes rather complicated when expressed in 
terms of the original coefficients. We proceed to indicate how (in most cases, 
at least) an alternative set of simpler seminvariants may be computed. 

2. The Effect of Transformation (2) m the General Case. 

We assume that the completely integrable system of equations (corre- 
sponding to (1)), to which we shall refer as (1'), has one dependent variable, 

y* and n independent variables, «x, , w„, («>1). It will then consist of 

a certain number, p, of equations which express certain p derivatives of y in 
terms of q chosen derivatives (which Green has called the primary derivatives). 
Let us also assume that among the q primary derivatives are none of order 
higher than the order of the lowest of the p derivatives in the left members of 
the p equations. 

The transformation (2) gives rise to the following expressions of the 
various derivatives of y in terms of the derivatives of y. 



2/».=^F»,+\.^. («=1, 2, , n), 

> 

Pi=0, ..... li 



y^ >= " s"'"(^J""(p»,)V' .f^yy^^H^i 



where 



«!....«„ 



(2') 






If we substitute (2') in the system (!'), and arrange the resulting equations 

properly, we get a new system of the same form as (1'), in which the dependent 

variable is y. The coefficients of this new system, which, in collected form, we 

shall refer to as (3'), are equal to the corresponding coefficients of (1') plus 

linear combinations of fractions whose numerators are derivatives of %, and 

whose common denominator is 7.. Each coefficient (3') receives additional 

terms from those ^/-derivatives in its equation which come by differentiation 

from the «/-derivative belonging to this coefficient. (Thus, for example, in (3)> 

— . /L 

&', the coefficient of y^ , can receive only one additional term, — -~, which comes 

A 

from 2/w; c' receives one ;i-fraction from each of the derivatives yuiVvi ym-) 

♦ This assumption is merely for the sake of simplifying the discussion. The process may be readily 
extended to cover the cases where the number of dependent variables is greater than one. 
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We arrange these coefficients (3') in classes as follows: In the zero-th 
class shall be placed those coefficients in each row which are coefficients of 
those primary derivatives having the same order as the derivative in the left 
member of the equation belonging to that row. The i-th. class shall consist of 
the coefficients of those primary derivatives in each row of order i less than 
the derivative in the left member of the equation belonging to that row. (Thus, 
in table (3 ) , the coefficients in the first and second columns are of the first class ; 
those in the third column are of the second class.) The zero-th class coeffi- 
cients, if present, must be seminvariants, since their ^/-derivatives can not 
yield by differentiation any other ^/-derivative in their equations. The first 
class coefficients will be altered, if at all, by the addition of multiples of 
;i-f ractions of the first order, the coefficients of which ;i-f ractions are integers 
or integral multiples of zero-th class coefficients (3'). In general, the i-th 
class coefficients will be altered by the addition of linear combinations of 
X-fractions of order not higher than i. Each one of the coefficients of these 
X-fractions will be an integer or an integral multiple of some one coefficient 
(3') of classes to i — 1. 

3. Pseudo-Canonical Forms of {!'). 

Now it very frequently happens that under suitable restrictions we may 
make n first class coefficients (3') vanish by a proper choice of Jl. For example, 
in (3), under the assumption aj^=6^, we might have made a'=b'=0. Or we 
might have made a=h"=0, provided a^=b'^. If we can do this, under the 
necessary restriction the new form of the completely integrable system deter- 
mined by this choice of ^ is unique, because of the nature of the equations in Jl. 
We shall call this unique form a pseudo-canonical form of {!'). Moreover, 
the necessary restrictions are always seminvariantive ones. For, consider 
certain n such first class coefficients, 

ai=ai— ki-^ log \ (i = l, 2, ,n), (5) 

where the k^ are at worst integral multiples of semin variant coefficients of (1'). 
In order to choose ^ to satisfy the equations 

ai—ki^-log?^=0, (i=:l, 2, ....,%), (6) 

OUi 

the assumptions necessary are 

which are easily seen to be seminvariantive from (5). 
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Let us assume the necessary restrictions (7) and choose ^ in accordance 
with (6). However, there is a precaution to be observed in substituting for /I. 
Whenever a cross-derivative, 

X oul"^ .... dw^ 

occurs, equations (7) afford us a choice in the substitution. We must, 
throughout a coefficient (3'), replace such cross-derivatives by the proper 
derivatives of the same members of equations (7). The reason for this pre- 
caution will become apparent in the next section. Then, since the restrictions 
are seminvariantive, and since the pseudo-canonical form is unique, the 
coefficients of this form are seminvariants, by precisely the same argument as 
was made in Section 1 for the coefficients of the canonical form in the case of 
plane nets. 

4. The Coefficients of a Pseudo-Canonical Form are a Fundamental 

Set of Seminvariants. 

Now, if the restrictions (7) be removed, the pseudo-canonical form will 
no longer exist, but the combinations we have obtained are still seminvariants. 
For, let us form the same combinations of the coefficients (3'). If we do this 
under the assumption (7), of course all traces of X will disappear. That this 
must also be true without these assumptions is evident from the following 
considerations : 

Let any one of these combinations be denoted by /(o, &, . . . .). It is 
composed of coefficients of (!') of various classes. However, from the nature 
of the choice of X, the only derivatives which appear in /(a, 6, . . . .) are 
derivatives of coefficients of the first class. Now, let us form the same com- 
bination of the coefficients (3'), /(a, 6, ....), and examine the resulting 
expression. It may acquire derivatives of coefficients of (!') only from the 
following sources: 1. Those derivatives which appeared in f{a,b,....) will 
remain. These, as we have noted, are derivatives of coefficients of (1') of the 
first class only. 2. Those arguments, a, 6, . . . . , which are of the first class 
(whose expressions are given by (3')), may have as coefficients of ^-fractions 
zero-th class coefficients of (!'). Hence, when the expressions (3') for these 
arguments are substituted in f{a,b, ....), the resulting expression may con- 
tain derivatives of these zero-th class coefficients. It thus appears that the 
only derivatives of coefficients of (!') of any class except the zero-th which 
17 
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may occur are those from the first source. Moreover, we have taken the pre- 
caution that among these derivatives in f{a,b, . . . .) shall appear only one 
member of any of equations (7) and its derivatives. Hence, if we collect the 
expression resulting from substitution of the values (3') for the arguments in 
f(a,b, ....), the collection being with respect to the A,- fractions of various 
orders, no one of these fractions may have as coeflScient an expression which 
vanishes by virtue of assumptions (7). Therefore, since in the resulting 
expression all terms in X cancelled under assumptions (7), the same thing 
must happen without these assumptions. 

It is to be observed that in a pseudo-canonical form, there are pq — n non- 
vanishing coefficients, precisely the number of independent coefficients in 
Green's generalized canonical form. Moreover, these coefficients are inde- 
pendent, since no two arise from the same coefficient of the original system 
(1'). From this it may be argued that the seminvariant coefficients of a 
pseudo-canonical form are a fundamental set. 

5.* Seminvariants Arising from Cross-Derivatives of log X. 

In certain cases there is a lack of definiteness in the formation of semin- 
variants by the process outlined above. As mentioned previotisly, whenever a 
^-fraction involving a cross-derivative of X occurs in a coefficient (3'), either 
member of the proper equation of (7) may be used in forming the seminvariant 
corresponding to this coefficient. Indeed, certain expressions of the type 






m 

OU{ \h 

m-\-n 

may be used instead of ^5— i-^] or ^5— I -r- ) • 

dUiXkf/ duj\kj 

A coefficient of the type in question may be put in the form 

t, ;=1, ....,n 

Oo + 's' a"'''i)''''''-fsum of terms of type aDV^ i„Aly .... f, = 0, 1, ), 

where D'*'''^ ;c— ^s— logX. Let us denote one of the possible substitutions for 
aUiOUj 

!>"•'' by [Z)"'''], and the other by jZ)"'"f. We wish to find what expressions 

of the form 

* Section 5 was added at Professor Wilczynski's suggestion. 
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may be used to replace D^'''\ We shall find it convenient to use the notation 

/n/*''^ 7^^*'''^ \ ^*'^^ rr»^*'^'^ -I , ^^'^ (7-1^''^^ ) tn\ 

(M Pi PnJJ 9l 9«)^in Pi PADQi 9»J+%Pi Pn]U Qi 9n , (9) 

%....«„ %....!*„' %....«„ «!....«„ •" %....«» ' U,....«„ " ^ ' 

and it is easily verified that 

(M«'^>D«.»->)„^= (M«'^'Z)<^«) + (M<t«D«"'), etc., (*, j, k=l, ....,n). 

Now, if we denote by d=$-i-^6 the same combination of the transformed 
coefficients (3') as 6 is of the original coefficients of (1'), we see from (5) that 

[D«'^>] = [!>«' '>]—D«''>, JW^=\D''-''\—D"-'\ If, therefore, F"-*'' is to 
replace D^''^\ it must happen that 

SFV' Jn + Dy J. = 0, ih,...., K = 0, 1, . . . . ). 

(*» i) 

In order to compute SF h i,, , let us successively differentiate the 
equations 



which result from (8) and (9). We obtain 

'"°S■■■^|,\)••■•(^;)(m«''•'^-»^«''•')„^;...„^2?'g.^^.-... 



Pi=0, ...., h 

\W/ Wn' \ «,,...M„ M,....«„ /• 



p;=0"...Vi; ,, WT1J<*'^> T-.<*'*^ S 

S («')"•• {p ) (^ Pi p«-D «i-pi '«-p..) 



From these equations 

fPi=0 ^ 'l 

„ft f) _ 1 

«l....«n W*** '* -|-W**''* 

Pr=lj > 'r 

" >■*' (i. it 

— S S (k)--U'l)C'")""U")(W<*'''+«"'^')Pl P,.l P..1 P„F h-Plh In-Pn 

._, ^Pl' VPs-l/ VP.+l' VP»/ ^ ' 'Mi....!*,., M,+i....M„ «i... .»,....«„ 

2'1=1> k ■\ 

\Pll \Pn' \ /%....«„ «i ....«» J' 

and F \ u will have a similar expression with m*'"' '', w"' ''*, M"- '', Z>''' •'* and 

«l. ...Mn 

'W^\ replacing w"''*, %"'»*, M"''\ Z)<*'»' and F^*'''\ respectively. Use of the 
relation ___^ 

Si?il l„Z=F k In—Fk h 

«!....«„ Mi....M„ U],...U„ 



130 Nelson : Seminvariants of Systems of Partial Differential Equations. 
gives us, after considerable labor, 

OF k In+Dh ln = 

Ml.... Un Wi.... Un 



p»=o .i„ I ^ mvx P» 

n Pi p» (i, 3) \ 



^ p,-w.,^ (m«-»* 4- ««'»■') Pi p,-i P.« P„ 

• i' Ji— Pi Is '»— P)l 

p-=i;-::::;i; (m«'^>+w«'^') pi p„ .... 
(e) - S (^;)--(,':)5 ..(..y)^^<.;:;)-''" -F^-nin-v. 



m^'-'^ + n^*''^ 



«1 . . . . M„ 



»"'"';:.••''' {m''''' + n''''')Pt p..i p„i p„ 

(or 'l-Pl i» In-Pn-f-U Jl-Pl 's 'n-Pnl 
«l....«s....«„ 111 ....«,....«„ 

Pi = l ,h 

(e) - 2 (p';)--(p':)^ J.^ ^■■■■^'' {BfVp. i.-P.+Dt-n 1.-P.). 

It is evident that (a) will vanish if 

(«■. )"> (»'» ?') 

m Pi p» 7^ Pi p» 

^ ^<«, I) + "^«, ly = ^ ;;^7^i5^T = iPi = 0,....,h;....;p^=0,....,l„). (11) 
The conditions (11) imply 

^ (to«'^> +%«''■>) Pi P-. 

' m^-^^+n^^'^^'""" =^ iPi=0,-'--,h; ....; p,.=0,....,lj, 

so that (b) and (c) vanish as a result. Moreover, (11) also imply 

OF h-Vl h ln-P^4-D ll-Pl Is ln-pn=0. 

Ml .... «j....«» Ml .... Ms....Mi, ' 

(^1=0, fh; ; p„=0, ,l„', except that not all p's=0; 5=1, ,n), 

by virtue of (10) for successive values of the I's. Hence (d) and (e) also 
vanish as a result of (11). Therefore, o sufficient condition that F'''^'' may 



(10) 
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replace [Z)"''*] or \'D^'^'^''\ in any seminvariant without affecting its seminvari- 
ance, is that for each pair {i, } = 1, . . . ., n; i<j), 

(». n (>. j) 

mvi vn n Pi i>» 

be seminvariants, where l^ is the highest order of a derivative of [Z)"'^*J 
(or |D^'''''j) with respect to u^ {r=l, ...., n) occurring in the original 

seminvariant. 

6. Application of the New Method to Special Cases. 

It should be noted that while we have indicated a large class of expres- 
sions which may be used in the place of [Z>"'^'] or j !)"'''[, if we wish the 
simplest set of seminvariants we will set m^^'^^=l, n^*'''>=0, or m^*'''^=0, n^*-''> = l. 

Let us now illustrate this method of computing seminvariants by the case 
of plane nets. We assume temporarily a'„=b'^, and take \/Jl=6', \/X=a'. 
Substitution of these values in (3 ) yields the fundamental set of seminvariants 



Aj, =a—2h', B^ =h, C^ =c +ah'+a'b—b'^—b'\* 

A[ =0, B[ =0, C[ =& +a'b'—b'^, or c'+a'&'— < 

A'^=a", Bi'=b"—2a', C['=c"+a"b'+a'b"—a',—a'Y 



(12) 



which are considerably simpler than those of (4). A further advantage of 
the new process over the old becomes evident when we discuss the invariants 
of (1). Of the seminvariants (4), only two, A" and B, are invariants. Of 
the seminvariants (12), five are invariants, viz., those just mentioned and in 
addition (7i=:®, C'i=K (or H), Ci' = ©". That this advantage can be guaran- 
teed in general, however, is not evident. The simplicity of the new process 
might perhaps give it a better chance than the old to yield a larger number of 
seminvariants which are invariants as well. Another pseudo-canonical form, 
viz., that determined by \/;i=ia, \/^=ib", yields a fundamental set of 
seminvariants which are simpler than those of (4), but not quite so simple as 
those of (12). Only two of these are invariants. 

In the case of conjugate systems of curves on a curved surface,t the new 
process (for a certain choice of 7i) gives seminvariants which are very much 
simpler than those given by the regulation method. Moreover, three of the 

♦It happens that Gi and Oj" may be still further simplified by use of the integrability conditions. 
fG. M. Green, Amebioan Joubnal of Mathematics, Vol. XXXVII (1915), pp. 215-246. 
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five are seminvariants, as against one out of five for the old method. In the 
ease of developable surfaces,* besides yielding simpler seminvariants, the new 
method gives two invariants, while the other gives none. 

It seems evident that the method we have outlined will be of even greater 
value in the cases of higher dimensional configurations. For example, the 
simplification due to the new process for the case of curvilinear coordinates 
in n dimensions f is seen by noticing that it would replace, for every i, 



by some single coefficient aj'-'^K 

Ann Abbob, Mich., January 2, 1918. 



3=1 



* W. W. Denton, Trans. Amer. Math, 8oc., Vol. XIV (1913), pp. 175-208. 

t G. M. Green, " The Linear Dependence of Functions," etc. loo. cit. Cf . especially Section 7, and 
equations (21). 



